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ABSTRACT. In this paper we give local curvature estimates for the Laplacian flow
on closed G2-structures under the condition that the Ricci curvature is bounded
along the flow. The main ingredient consists of the idea of Kotschwar-Munteanu-
Wang [24] who gave local curvature estimates for the Ricci flow on complete man-
ifolds and then provided a new elementary proof of Sesum’s result [36], and the
particular structure of the Laplacian flow on closed G2-structures. As an immedi-
ate consequence, this estimates give a new proof of Lotay-Wei’s [33] result which
is an analogue of Sesum’s theorem.
The second result is about an interesting evolution equation for the scalar cur-
vature of the Laplacian flow of closed G2-structures. Roughly speaking, we can
prove that the time derivative of the scalar curvature Rt is equal to the Laplacian
of Rt, plus an extra term which can be written as the difference of two nonnegative
quantities.
1. INTRODUCTION
LetM be a smooth 7-manifold. The Laplacian flow for closed G2-structures on
M introduced by Bryant [1] is to study the torsion-free G2-structures
(1.1) ∂tϕt = ∆ϕtϕt, ϕ0 = ϕ,




ϕt dϕt is the Hodge Laplacian of gϕt and ϕ is an initial
closed G2-structure. Since d∂tϕt = ∂td∆ϕtϕt = 0, we see that the flow (1.1) pre-
serves the closedness of ϕt. For more background on G2-structures, see Section
2. WhenM is compact, the flow (1.1) can be viewed as the gradient flow for the
Hitchin functional introduced by Hitchin [17]
(1.2) H : [ϕ]+ −→ R+, ϕ 7−→ 17
∫
M




Here ϕ is a closed G2-structure onM and [ϕ]+ is the open subset of the cohomol-
ogy class [ϕ] consisting of G2-structures. Any critical point ofH gives a torsion-
free G2-structure.
The study of Laplacian flows on some special 7-manifolds, Laplacian solitons,
and other flows on G2-structures can be found in [12, 13, 14, 15, 18, 23, 28, 34, 35,
37, 38].
Recently, Donaldson [6, 7, 8, 9] studied the co-associative Kovalev-Lefschetz
fibrations G2-manifolds and G2-manifolds with boundary.
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1.1. Notions and conventions. To state the main results, we fix our notions used
throughout this paper. Let M be as before a smooth 7-manifold. The space of
smooth functions and the space of smooth vector fields are denoted respectively
by C∞(M) and X(M). The space of k-tenors (i.e., (0, k)-covariant tensor fields)
and k-forms on M are denoted, respectively, by ⊗k(M) = C∞(⊗k(T∗M)) and
∧k(M) = C∞(∧k(T∗M)). For any k-tensor field T ∈ ⊗k(M), we locally have the
expression T = T i1···ik dx
i1 ⊗ · · · ⊗ dxik =: T i1···ik dxi1⊗···⊗ik . A k-form α onM can
be written in the standard form as α = 1k!αi1···ik dx
i1 ∧ · · · ∧ dxik =: 1k!αi1···ik dxi1∧···∧ik ,
where αi1···ik is fully skew-symmetric in its indices. Using the standard forms,
if we take the interior product Xyα of a k-form α ∈ ∧k(M) with a vector field




is also in the standard form. In particular, consider the vector space ⊗2(M) of 2-
tensors. For any 2-tensor A = Aijdxi⊗j, define A := 12 (Aij + Aji)dx
i⊗j ≡ Aij dxi⊗j
and A∧ := 12 (Aij − Aji)dxi⊗j ≡ A∧ij dxi⊗j. Then A is an element of 2(M),
the space of symmetric 2-tensors. Since1dxi∧j = dxi⊗j − dxj⊗i, it follows that
A∧ = 12Aijdx
i∧j. Define αA := 12α
A
ij dx
i∧j with αAij := Aij. Then we see that
αA = A∧ ∈ ∧2(M) and ⊗2(M) = 2(M)⊕∧2(M).
A given Riemannian metric g on M determines two isomorphisms between
vector fields and 1-forms: [g : X(M) −→ ∧1(M) and ]g : ∧1(M) −→ X(M),
where, for every vector field X = Xi ∂
∂xi and 1-form α = αidx
i, [g(X) = Xigijdxj ≡
Xjdxj and ]g(α) = αigij ∂∂xj ≡ αj ∂∂xj . Using these two natural maps, we can fre-
quently raise or lower indices on tensors. The metric g also induces a metric on k-
forms g(dxi1∧···∧ik , dxj1∧···∧jk ) = det(g(dxia , dxjb)) = ∑σ∈S7 sgn(σ)g
i1 jσ(1) · · · gik jσ(k)
whereS7 is the group of permutations of seven letters and sgn(σ) denotes the sign
(±1) of an element σ ofS7. The inner product 〈·, ·〉g of two k-forms α, β ∈ ∧k(M)
now is given by 〈α, β〉g = 1k!αi1···ikβi1···ik = 1k!αi1···ikβ j1···jk gi1 j1 · · · gik jk .
Given two 2-tensors A,B ∈ ⊗2(M), with the forms A = Aijdxi⊗j and B =
Bijdxi⊗j. Define 〈〈A,B〉〉g := AijBij. There are two special cases which will be
used later:
(1) α = 12αijdx
i∧j ∈ ∧2(M) and B = Bijdxi⊗j ∈ ⊗2(M). In this case, α can
be written as a 2-tensor Aα = Aαijdx
i⊗j with Aαij = αij. Then 〈〈α,B〉〉g :=
〈〈Aα,B〉〉g = αijBij.
(2) α = 12αijdx
i∧j and β = 12βijdx
i∧j ∈ ∧2(M). In this case, α, β can be both
written as 2-tensors Aα = Aαijdx
i⊗j and Bβ = Bβijdx
i⊗j with Aαij = αij and
Bβij = βij. Then 〈〈α, β〉〉g := 〈〈Aα,Bβ〉〉g = αijβij = 2〈α, β〉g.






































(αk` − α`k) = αk`
which justifies the notion αk` as α(∂/∂xk , ∂/∂x`). In general, for any k-form α = 1k! αi1 ···ik dx
i1∧···∧ik we
have αi1 ···ik = α(∂/∂x
i1 , · · · , ∂/∂xik ), because dxi1∧···∧ik = ∑σ∈Sk sgn(σ)dx
iσ(1)⊗···⊗iσ(k) .
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The norm of A ∈ ⊗2(M) is defined by ||A||2g := 〈〈A, A〉〉g = AijAij, while
the norm of α ∈ ∧k(M) is |α|2g := 〈α, α〉g = 1k!αi1···ikαi1···ik . In particular, ||X||2g =
XiXi = |[g(X)|2g and ||α||2g = 2|α|2g, for any vector field X ∈ X(M) and 2-form α.
The Levi-Civita connection associated to a given Riemannian metric g is de-






∂xk = (∇i∇j −∇j∇i) ∂∂xk and Rijk` := Rmijkgm`. The Ricci curvature
of g is given by Rjk := Rijk`gi`. We use dVg and ∗g to denote the volume form and
Hodge star operator, respectively, onM associated to a metric g and an orienta-
tion.
We use the standard notion A ∗ B to denote some linear combination of con-
tractions of the tensor product A⊗ B relative to the metric gt associated the ϕt. In
Theorem 1.4 and its proof, all universal constants c, C below depend only on the
given real number p.
1.2. Main results. Applying De Turck’s trick and Hamilton’s Nash-Moser inverse
function theorem, Bryant and Xu [2] proved the following local time existence for
(1.1).
Theorem 1.1. (Bryant-Xu [2]) For a compact 7-manifold M, the initial value prob-
lem (1.1) has a unique solution for a short time interval [0, Tmax) with the maximal time
Tmax ∈ (0,∞] depending on ϕ.
As in the Ricci flow, we can prove following results on the long time existence
for the Laplacian flow (1.1).
Theorem 1.2. (Lotay-Wei [33]) Let M be a compact 7-manifold and ϕt, t ∈ [0, T),
where T < ∞, be a solution to the flow (1.1) for closed G2-structures with associated
metric gt = gϕt for each t.




then the solution ϕt can be extended past time T.






||Rmt||2t + ||∇tT t||2t
)
= ∞.
Here T t is the torsion of ϕt (see (2.14)).
In this paper, we give a new elementary proof of Theorem 1.2, based on the idea
of [24] and the structure of the equation (1.1).
Theorem 1.3. LetM be a compact 7-manifold and ϕt, t ∈ [0, T), where T < ∞, be a












where the bound depends only on n, K, T and Λ.
WhenM is compact, the theorem immediately implies the part (a) in Theorem
1.2. Indeed, we shall show that (see (3.18) and (3.37))
sup
M×[0,T)
||∆tϕt||t < ∞⇐⇒ sup
M×[0,T)
||Rict||t < ∞.
In the compact case, Theorem 1.3 shows that, if the conclusion in part (a) does not
hold, then T = Tmax and supM×[0,Tmax) ||Rmt||t < ∞ which implies supM×[0,Tmax)
(||Rmt||2t + ||∇tT t||2t ) < ∞, since the norm ||∇tT t||2t can be controlled by ||Rmt||2t
(see (3.63)). However, by part (b) in Theorem 1.2, it is impossible. Therefore, the
conclusion in part (a) is true.
As remarked in [24], to prove Theorem 1.3, it suffices to establish the following
integral estimate.
Theorem 1.4. Let M be a smooth 7-manifold and ϕt, t ∈ [0, T), where T < ∞, be a
solution to the flow (1.1) for closed G2-structures with associated metric gt = gϕt for each
t. Assume that there exist constants A, K > 0 and a point x0 ∈ M such that the geodesic
ball Bg0(x0, A/
√
K) is compactly contained inM and that






























for all t ∈ [0, T].
Now by the standard De Giorgi-Nash-Moser iteration (our manifold is compact
and the Ricci curvature is uniformly bounded), under the condition in Theorem
1.4, we can prove
(1.4) ||RmT ||T(x0) ≤ d1(d2 +Λ0),






Actually, this follows from the same argument in [24] by noting that
(1.5) (∆t − ∂t)||Rmt||t ≥ −c||Rmt||2t .
To verify (1.5), we use (2.26), (3.61) and (3.65) to deduce that ||∇tT t|| ≤ c||Rmt||t
and
||∇2t T t||t ≤ c||∇tRmt||t + c||Rmt||3/2t .
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(∂t − ∆t)||Rmt||2t + c||Rmt||3t + c||Rmt||3/2t ||∇tRmt||t
≤ −1
2
(∂t − ∆t)||Rmt||2t + c||Rmt||3t + ||∇tRmt||2t
which implies (1.5). Now the estimate (1.4) yields Theorem 1.3.
The analogue of Theorem 1.2 in the Ricci flow was proved by Hamilton [16] (for
part (b)) and Sesum [36] (for part (a)). It is an open question (due to Hamilton, see
[3]) that the Ricci flow will exist as long as the scalar curvature remains bounded.
For the Ka¨hler-Ricci flow [39] or type-I Ricci flow [10], this question was settled.
For the general case, some partial result on Hamilton’s conjecture was carried out
in [3].
For the Ricci-harmonic flow introduce by List [29, 30] (see also, [31, 32]), the
analogue of Theorem 1.2 was proved in [29, 30] (see also, [31, 32]) and [4] (see
[27] for another proof). The author [25, 26] extended Cao’s result [3] to the Ricci-
harmonic flow. The same Hamilton’s conjecture was asked by the author in [25,
26].
We can ask the same question for the Laplacian flow on closed G2-structures. In
[33] (see Page 171, line -6 to -3, or Open Problem (3) in Page 230), Lotay and Wei
asked that whether the Laplacian flow on closed G2-structures will exist as long as
the torsion tensor or scalar curvature remains bounded. Let gt be the associated
metric of ϕt. Then the evolution equation for gt is given by
(1.6) ∂tgij = −2Rij − 43 |T t|
2
t gij − 4T ikTkj.
For the Laplacian flow on closed G2-structures, the torsion T t is actually a 2-form
for each t, hence we use the norm | · |t in (1.6). The standard formula for the scalar
curvature Rt gives (see (3.23))




ikT j` + 4(∇jT ik)(∇iT jk).
Now the above mentioned open problem states that
Is it ture that lim
t→Tmax
Rt = −∞?
The “minus infinity” comes from the fact that along the Laplacian flow on closed
G2-structures the scalar curvature is always nonpositive (see (2.26)). The following
Proposition 1.5 is motivate to solve this problem, and starts from the basic evolu-
tion equation (1.7) where the last two terms on the right-hand side do not have
good signature. However, using the closedness of ϕt (in particular, the identity
(3.23)), we can prove the following interesting evolution equation for Rt.
Proposition 1.5. LetM be a smooth 7-manifold and ϕt, t ∈ [0, T), where T ∈ (0,∞],
be a solution to the flow (1.1) for closed G2-structures with associated metric gt = gϕt for
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each t. Then the scalar curvature Rt satisfies
∂tRt = ∆tRt +
{
2


































+ 2||T̂ t||4t + 210
}
.
Here T̂ ij = T ikTkj.
Observe that the above well-arranged evolution equation can give us a weakly
lower bound for Rt, which can not prove or disprove the conjecture of Lotay and
Wei.
We give an outline of the current paper. We review the basic theory in Sec-
tion 2 about G2-structures, G2-decompositions of 2-forms and 3-forms, and gen-
eral flows on G2-structures. In Section 3, we rewrite results in Section 2 for closed
G2-structures, and the local curvature estimates will be given in the last subsection.
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O14/7628746).
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Forum.
The author, together with other six friends, thanks Yunhui Wu who personally
provided us 14, the dimension of G2, very fresh coconuts during the forum.
The author thanks Joel Fine, Brett Kotschwar, Chengjian Yao, Yong Wei, and
Anton Thalmaier for useful discussion on the Laplacian flows and the earlier ver-
sion of this paper. He also thanks Jason Lotay for his interested in this paper.
2. BASIC THEORY OF G2-STRUCTURES
In this section, we view some basic theory of G2-structures, following [1, 19, 20,
21, 22, 33]. Let {e1, · · · , e7} denote the standard basis of R7 and let {e1, · · · , e7} be
its dual basis. Define the 3-form
φ := e1∧2∧3 + e1∧4∧5 + e1∧6∧7 + e2∧4∧6 − e2∧5∧7 − e3∧4∧7 − e3∧5∧6,
where ei∧j∧k := ei ∧ ej ∧ ek. The subgroup G2, which fixes φ, of GL(7,R) is the
14-dimensional Lie subgroup of SO(7), acts irreducibly on R7, and preserves the
metric and orientation for which {e1, · · · , e7} is an oriented orthonormal basis.
Note that G2 also preserves the 4-form
∗φφ = e4∧5∧6∧7 + e2∧3∧6∧7 + e2∧3∧4∧5 + e1∧3∧5∧7 − e1∧3∧4∧6 − e1∧2∧5∧6 − e1∧2∧4∧7.
where the Hodge star operator ∗φ is determined by the metric and orientation.
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For a smooth 7-manifoldM and a point x ∈ M, define as in [33]
∧3+(T∗xM) :=
{
ϕx ∈ ∧3(T∗xM) : u
∗φ = ϕx for some invertible







We call a section ϕ of ∧3+(T∗M) a positive 3-form onM or a G2-structure onM, and
denote the space of positive 3-forms by ∧3+(M). The existence of G2-structures is
equivalent to the property that M is oriented and spin, which is equivalent to
the vanishing of the first and second Stiefel-Whitney classes. From the definition
of G2-structures, we see that any ϕ ∈ ∧3+(M) uniquely determines a Riemann-
ian metric gϕ and an orientation dVϕ, hence the Hodge star operator ∗ϕ and the
associated 4-form
(2.1) ψ := ∗ϕϕ.
We also have the isomorphisms [ϕ := [gϕ and ]ϕ := ]gϕ . For a given G2-structure
ϕ ∈ ∧3+(M), we denote by 〈·, ·〉ϕ, 〈〈·, ·〉〉, | · |ϕ, || · ||ϕ, the corresponding inner
products 〈·, ·〉gϕ , 〈〈·, ·〉〉gϕ and norms | · |gϕ , || · ||gϕ .
Given a G2-structure ϕ ∈ ∧3+(M). We say that ϕ is torsion-free if ϕ is parallel
with respect to the metric gϕ. Equivalently, ϕ is torsion-free if and only if ϕ∇ϕ = 0,
where ϕ∇ is the Levi-Civita connection of gϕ.
Theorem 2.1. (Ferna´ndez-Gray [11]) The G2-structure ϕ is torsion-free if and only if
ϕ is both closed (i.e., dϕ = 0) and co-closed (i.e., d ∗ϕ ϕ = dψ = 0).
WhenM is compact, the above theorem says that a G2-structure ϕ is torsion-
free if and only if ϕ is harmonic with respect to the induces metric gϕ.
We say that a G2-structure ϕ is closed (resp., co-closed) if dϕ = 0 (resp., dψ = 0).
Theorem 2.1 can be restated as that a G2-structure is torsion-free if and only if it is
both closed and co-closed.
2.1. G2-decompositions of ∧2(M) and ∧3(M). A G2-structure ϕ induces split-
tings of the bundles ∧k(T∗M), 2 ≤ k ≤ 5, into direct summands, which we denote
by ∧k`(T∗M, ϕ) with ` being the rank of the bundle. We let the space of sections of
∧k`(T∗M, ϕ) by ∧k`(M, ϕ). Define the natural projections
(2.2) pik` : ∧k(M) −→ ∧k`(M, ϕ), α 7−→ pik`(α).
We mainly focus on the G2–decompositions of ∧2(M) and ∧3(M). Recall that
∧2(M) = ∧27(M, ϕ)⊕∧214(M, ϕ),(2.3)
∧3(M) = ∧31(M, ϕ)⊕∧37(M, ϕ)⊕∧327(M, ϕ).(2.4)
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Here each component is determined by
∧27(M, ϕ) = {Xyϕ : X ∈ X(M)} = {β ∈ ∧2(M) : ∗ϕ(ϕ ∧ β) = 2β},
∧214(M, ϕ) = {β ∈ ∧2(M) : ψ ∧ β = 0} = {β ∈ ∧2(M) : ∗ϕ(ϕ ∧ β) = −β},
∧31(M, ϕ) = { f ϕ : f ∈ C∞(M)},
∧37(M, ϕ) =
{
∗ϕ(ϕ ∧ α) : α ∈ ∧1(M)
}
= {Xyψ : X ∈ X(M)} ,
∧327(M, ϕ) = {η ∈ ∧3(M) : η ∧ ϕ = η ∧ ψ = 0}.
For any 2-form β = 12βijdx
i∧j ∈ ∧2(M), its two components pi27(β) and pi214(β)
are determined by
pi27(β) =



























To decompose 3-forms, recall two maps introduce by Bryant [1]
(2.7) iϕ : 2(M) −→ ∧3(M), jϕ : ∧3(M) −→ 2(M),
where














hi`ϕ` jk + hj`ϕi`k + hk`ϕij`
)






(X, Y) := ∗ϕ ((Xyϕ) ∧ (Yyϕ) ∧ η) .
Then iϕ is injective and is isomorphic onto ∧31(M, ϕ) ⊕ ∧327(M, ϕ), and jϕ is an
isomorphism between ∧31(M, ϕ)⊕ ∧327(M, ϕ) and 2(M). Moreover, for any 3-
form η ∈ ∧3(M), we have
(2.10) η = iϕ(h) + Xyψ
for some symmetric 2-tensor h ∈ 2(M) and vector field X ∈ X(M). Then
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2.2. The torsion tensors of a G2-structure. By Hodge duality we obtain the G2-
decompositions of 4-forms ∧4(M) = ∧41(M, ϕ)⊕ ∧47(M, ϕ)⊕ ∧427(M, ϕ) and 5-
forms ∧5(M) = ∧57(M, ϕ)⊕ ∧514(M, ϕ), respectively. By definition, we can find
forms τ0 ∈ C∞(M), τ1, τ˜1 ∈ ∧1(M), τ2 ∈ ∧214(M, ϕ), and τ3 ∈ ∧327(M, ϕ) such
that
(2.12) dϕ = τ0ψ+ 3τ1 ∧ ϕ+ ∗ϕτ3, dψ = 4τ˜1 ∧ ψ− ∗ϕτ2.
Since τ2 ∈ ∧214(M, ϕ), it follows that τ2 ∧ ϕ = − ∗ϕ τ2. Then (2.12) can be written
as in the sense of Bryant [1]
(2.13) dϕ = τ0ψ+ 3τ1 ∧ ϕ+ ∗ϕτ3, dψ = 4τ˜1 ∧ ψ+ τ2 ∧ ϕ.
It can be proved that τ1 = τ˜1 (see [22]). We call τ0 the scalar torsion, τ1 the vector
torsion, τ2 the Lie algebra torsion, and τ3 the symmetric traceless torsion. We also call
τϕ := {τ0, τ1, τ2, τ3} the intrinsic torsion forms of the G2-structure ϕ.
Recall that a G2-structure ϕ is torsion-free if and only if dϕ = dψ = 0 by Theo-
rem 2.1. From (2.12) we see that ϕ is torsion-free if and only if the intrinsic torsion
forms τϕ ≡= 0; that is, τ0 = τ1 = τ2 = τ3 = 0.
Lemma 2.2. (Ferna´ndez-Gray, [11]) For any X ∈ X(M), the 3-form∇Xϕ lines in the
space ∧37(M, ϕ). Therefore the covariant derivative ∇ϕ ∈ ∧1(M)⊗∧37(M).
Consequently, there exists a 2-tensor T = T ijdxi⊗j, called the full torsion tensor,
such that
















`ϕ`ijdxijk ∈ ∧327(M, ϕ).(2.18)
The associated 2-tensor τ3 := (τ3)ijdxi⊗j of τ3 lies in the space 20(M). With this
















gϕ − τ3 − ]ϕ(τ1)yϕ− 12τ2.















As an application, this gives another proof of Theorem 2.1.
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For fixed indices i and j, set









Then, according to (2.5) and (2.6)








































Rijk` − 16 Rijabψ
ab
k`.
Karigiannis [22] (see also the equivalent formula obtained by Bryant in [1]) proved
that the Ricci curvature is given by




























T jk − T jbT iaψiabk.
Cleyton and Ivanov [5] also derived a formula for the Ricci tensor for closed G2-
structures in terms of d∗ϕϕ. Taking the trace of (2.23), we obtain Btyant’s formula
[1] for the scalar curvature
R = −12∇`(τ1)` + 218 τ
2




= −12∇`(τ1)` + 218 τ
2




For a closed G2-structure, we have τ0 = τ1 = τ3 = 0 and then R = − 14 ||τ2||2ϕ ≤
0. On the other hand, we have (τ2)ij = −2T ij by (2.20). Thus the full torsion tensor




T ijdxij ∈ ∧2(M)
and the scalar curvature can be written in terms of T
(2.26) R = −||T ||2ϕ = −2|T |2ϕ ≤ 0.
Hence, for closed G2-structures, scalar curvatures are always non-positive.
Finally, we mention a Bianchi type identity
(2.27) ∇iT j` −∇jT i` = −12 Rijabϕ
ab




Rijab + T iaT jb
)
ϕab`.
The proof can be found in [22].
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2.3. General flows on G2-structures. For any family (ϕt)t of G2-structures, ac-
cording to the decomposition (2.10), we can consider the general flow
(2.28) ∂tϕt = iϕt(ht) + Xtyψt
where ht ∈ 2(M) and Xt ∈ X(M). The general flow (2.28) locally can be written
as
(2.29) ∂tϕijk = hi`ϕ`jk + hj`ϕi`k + hk`ϕij` + X`ψ`ijk.
We write for gt and dVt the metric and volume form associated to ϕt, respectively.
Theorem 2.3. Under the general flow (2.28), we have
∂tgij = 2hij,(2.30)
∂tgij = −2hij,(2.31)
∂tdVt = (trtht) dVt,(2.32)
∂tT pq = T pmhmq − T pmXkϕkmq − (∇khip)ϕkiq +∇pXq.(2.33)
These evolution equations can be found in [22].
3. LAPLACIAN FLOWS ON CLOSED G2-STRUCTURES
We now consider the Laplacian flow for closed G2-structures
(3.1) ∂tϕt = ∆ϕtϕt = ∆tϕt, ϕ0 = ϕ,




ϕt dϕt is the Hodge Laplacian of gϕt and ϕ is an initial
closed G2-structure. The short time existence for (3.1) was proved by Bryant and
Xu [2], see also Theorem 1.1.
A criterion for the long time existence for the Lapalcian flow on compact man-
ifolds was given in Theorem 1.2. In this section, we give a new elementary proof
of Lotay-Wei’s result in compact case.
3.1. Basic theory of closed G2-structures. Let ∧3+,•(M) ⊂ ∧3+(M, ϕ) be the set of
all closed G2-structures onM. If ϕ ∈ ∧3+,•(M) is closed, i.e., dϕ = 0, then τ0, τ1, τ3
are all zero, so the only nonzero torsion form is





According to (2.20) and (2.25), we have T ij = − 12τij so that
(3.3) T ≡ 1
2
T ijdxij or equivalently T = −12τ,
is a 2-form. Since dψ = τ ∧ ϕ = − ∗ϕ τ, we get d∗ϕτ = ∗ϕd ∗ϕ τ = − ∗ϕ d2ψ = 0
which is given in local coordinates by
(3.4) ∇iτij = 0
For a closed G2-structure ϕ, according to (2.23), the Ricci curvature is given by
(in this case T ij is a 2-form)
Rjk =
(∇jT im −∇iT jm) ϕmki − T j iT ik + T jbT iaψiabk.
12 YI LI
Since τ ∈ ∧214(M, ϕ) and T ij = − 12τij, it follows from [33] (see page 179 – 180)
that
(3.5) (∇jT im)ϕmki = 2T j`T`k.
and therefore, for a closed G2-structure ϕ, the Ricci curvature is given by
(3.6) Rjk = −(∇iT jm)ϕkim − T j iT ik.
Taking the trace of (3.6) yields (2.26). Moreover, the factor ∇iT jm in (3.6) can be
expressed as (see Proposition 2.4 in [33])


















If ϕ is a closed G2-structure, Section 2.2 in [33] shows that pi37(∆ϕϕ) = 0 and
hence, according to (2.10),











`τ`j = −Rij − 23 |T |
2
ϕgij − 2T ikTkj.
Here |T |2ϕ = 12Tk`Tk` = 12 ||T ||2ϕ.
3.2. Evolution equations for closed G2-structures. Since the Laplacian flow (3.1)
preserves the closedness of ϕt, it follows from (3.10) that we have
(3.10) ∆ϕtϕt = iϕt(ht) ∈ ∧31(M, ϕt)⊕∧327(M, ϕt),
where
(3.11) hij = −Rij − 23 |T t|
2
t gij − 2T ikTkj.
From Theorem 2.3, we see that the associated metric tensor gt evolves by
(3.12) ∂tgij = 2hij = −2Rij − 43 |T t|
2
t gij − 4T ikTkj.
and the volume form dVt evolves by










Hence, along the flow (3.1), the volume of gt is nondecreasing.
Introduce the following notions
(3.14) t := ∂t −Nt, | · |t := | · |ϕt , ∆t := ∆ϕt ,
where Nt := gij∇i∇j is the usual Laplacian of gt and ∆t is the Hodge Laplacian of
gt, and also the 2-tenor Sict with components
(3.15) Sij := Rij +
2
3
|T t|2t gij + 2T ikTkj = −hij.
Then the evolution equation (3.12) can be written as
(3.16) ∂tgij = −2Sij.
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Moreover, the trace of Sict is exactly the scalar curvature, up to a multiplying con-
stant,
(3.17) St := trtSict = Rt +
14
3







It was proved in [33] that
(3.18) |∆tϕt|2t = (trtht)2 + 2||ht||2t =
16
9
|T t|4t + 2||Sict||2t .
This identity together with (2.26) shows that the boundedness of ∆tϕt is equiva-
lent to the boundedness of Rict.
The evolution equation (2.33) implies that for the Laplacian flow on closed G2-
structures, the torsion Tij evolves by evolves
(3.19) ∂tT ij = T ikhkj − (∇mhni)ϕjmn.
Furthermore, we can prove
Proposition 3.1. Under the flow (3.1), we have
tT ij = 3RjkTki − RikTkj − 12 RijmkT
mk − 1
2









|T t|2t T ij − 4TikTkmTmj.(3.20)
Proof. See [33]. 















∇q∇jηkp +∇q∇kηjp −∇q∇pηjk −∇j∇kηqp
)
,
∂tRt = −Nttrtηt + divt(divtηt)− Rijhij,
where (divtηt)j = ∇iηij. Applying those evolution equations to ηij = −2Rij −
4
3 |T t|2t gij − 4T ikTkj = −2Sij we have
trtηt = −2Rt − 283 |T t|
2




(divtηt)j = −2∇iRij − 43∇j|T t|
2
t − 4∇iT̂ ij
= −∇jRt − 43∇j|T t|
2
t − 4∇iT̂ ij,
divt(divtηt) = ∇j(divtηt)j = −NtRt − 43Nt|T t|
2
t − 4∇j∇iT̂ ij,
where the symmetric 2-tensor T̂ is given by




Plugging those identities into the above evolution equation for Rt, we get
∂tRt = −4Nt|T t|2t −NtRt − 4∇j∇iT̂ ij − Rij
(
−2Rij − 43 |T t|
2
t gij − 4T̂ ij
)
= NtRt − 4∇j∇iT̂ ij + 2||Rict||2t +
4
3
|T t|2t Rt + 4RijT̂ ij
which implies
(3.22) tRt = 2||Rict||2t −
2
3
R2t − 4∇j∇iT̂ ij + 4〈〈Rict, T̂〉〉t.
Observe that the last two terms on the right-hand side of (3.22) are not determined
of their signs. In the following, we shall use the identity
(3.23) ∇iT ij = 0
follows from from (3.3) and (3.4), to simplify those two terms. Using the identity
(3.23), the term ∇j∇iT̂ ij can be simplified as follows.






(∇iT ik)Tkj + T ik(∇iTkj)
]
= T ik(∇j∇iTk j)− (∇jT ik)(∇iT jk).
On the other hand, from the Ricci identity
∇j∇iTk j = ∇i∇jTk j − Rjik`T`j − Rji j`Tk` = Rijk`T`j + Ri`Tk`,
we see that the evolution equation (3.22) is equivalent to




ikT j` + 4(∇jT ik)(∇iT jk).
From (3.15) and (3.21) we can rewrite the term ||Rict||2t in (3.24) in terms of Sict
































R2t + 4||T̂ t||2t




where we used trtT̂ t = gijT ikTk j = T ikTki = −2|T t|2t and Rt = −2|T t|2t . Replacing




















Similarly, replacing 〈〈Rict, T̂ t〉〉t by 〈〈Sict, T̂ t〉〉t with respect to the identity









= 〈〈Rict, T̂ t〉〉t − 13 R
2
t + 2||T̂ t||2t ,
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Rijk`T ikT j` + (∇jT ik)(∇iT jk)
]
.
Next, we try to deal with the last bracket in (3.25), which contains two terms
Rijk`T ikT j` and (∇jT ik)(∇iT jk). Using (2.27) and (3.7), the term (∇jT ik)(∇iT jk)
is equal to


























Rikmnϕjmnϕkab − T imT jnϕmnkϕkab − TkmT jnϕimnϕkab + T imTknϕjmnϕkab
]
.
By symmetry the term(
1
2









is equal to, interchanging i↔ j and a↔ b in the second term,(
1
2
















which is zero. Similarly, we have, by interchanging m ↔ n and then i ↔ j, a ↔ b
in the first term,(
1
2
Rijab + T i aT jb
)(






Rijab + T i aT jb
)(






Rijab + T i aT jb
)(
−TknT imϕjnmϕkba + T imTknϕjmnϕkab
)
= 0.
Therefore, using the identity ϕijkϕkab = giagjb − gibgja + ψijab (see [22]), we arrive
at




























n − δbmδan + ψmnab
)




Rijab + 2T iaT jb
) [ (














Since, by our convention,(
Rijab + 2T iaT jb
) (
Rijab + 2T iaT jb
)
= ||Rmt||2t + 4RijabT iaT jb + 4||T t||4t ,(
Rijab + 2T iaT jb
) (
Rijba + 2T ibT ja
)
= −||Rmt||2t − 4RijabT iaT jb + 4||T̂ t||2t ,
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it follows that




− 2||Rmt||2t − 8RijabT iaT jb − 4||T t||4t
+ 4||T̂ t||2t −
(
Rijab + 2T iaT jb
) (



























Rijab + 2T iaT jb
) (




Finally, we deal with the last term J on the right-hand side of (3.26). From the




Rijab + 2T iaT jb
) (






















∣∣∣∣∣∣2T i aT jbRijmn − ψabmn∣∣∣∣∣∣2
t
− 4






− 4||T̂ t||4t − 168
]
.
Plugging the expression for J into (3.26), we obtain














































Since St = 23 Rt, it follows from the above theorem that (1.6) holds true.
Before giving local curvature estimates for Laplacian flow in the next subsec-
tion, we derive evolution equations for Rict, Rmt, and T t in different forms. Using
the Lichnerowicz Laplacian
NL,tηjk := Ntηjk − Rj pηpk − Rk pηjp + 2Rpjkqhqp,
we see that the evolution equation for Rij can be written as
∂tRjk = −12
[
NL,tηjk +∇j∇ktrtηt +∇j(d∗t ηt)k +∇k(d∗t ηt)j
]
,
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where (d∗t ηt)k := −∇jηjk. For ηij = −2Rij − 43 ||T t||2t gij − 4T ikTkj we have proved












∇kRt + 43∇k||T t||
2









∇jRt + 43∇j||T t||
2







||T t||2t gjk + 2T̂ jk
)
− 2∇j∇iT̂ ik − 2∇k∇iT̂ ij − 23∇j∇k||T t||
2
t .






||T t||2t gjk + 2T̂ jk
)



















gij + 2NtT̂ ij − 2Ri pT̂ pj





Consequently, the norm of Rict satisfies




RtNt||T t||2t + 8Rkij`T̂k`Rij +
8
3






The general formula for R`ijk gives
∂tR`ijk = −∇i∇kRj` −∇j∇`Rik +∇i∇`Rjk +∇j∇kRi` + RijkqRq` + Rij`qRkp






















− 2∇i∇kT̂ j` − 2∇j∇`T̂ ik + 2∇i∇`T̂ jk + 2∇j∇kT̂ i`.
Hence, the evolution equation for ||Rmt||2t is given by
∂t||Rmt||2t = ∇2t Rict ∗ Rmt + Rict ∗ Rmt ∗ Rmt + Rmt ∗ Rmt ∗ T̂ t
+ Rict ∗ ∇2t ||T t||2t + Rmt ∗ ∇2t T̂ t +
8
3
|T t|2t ||Rmt||2t .(3.31)





+ C1||Rmt||3/2t ||∇2t T t||t + C1||Rmt||t||∇tT t||2t(3.32)
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where C1 is some universal constant, and
(3.33) tT t = Rmt ∗ T t + Rmt ∗ T t ∗ ψt +∇tT t ∗ T t ∗ ϕt + T t ∗ T t ∗ T t.
Squaring (3.33) gives
||∇tT t||2t ≤ −
1
2
t||T t||2t + C2||Rmt||t||T t||2t
+ C2||∇tT t||t||T t||2t + C2||T t||4t(3.34)
for another universal constant C2 which may differs from C1. The Cauchy-Schwartz
inequality shows 2C2||∇tT t||t||T t||2t ≤ ||∇tT t||2 + C22 ||T t||4t , so that the evolution
inequality (3.34) becomes
(3.35) ||∇tT t||2t ≤ −t||T t||2t + C3||Rmt||t||T t||2t + C3||T t||4t .
Here C3 is a universal constant.
3.3. Local curvature estimates. In this section, we consider the Laplacian flow
(3.1) onM× [0, T], where T ∈ (0, Tmax). From now on we always omit the time











〈〈Ric,∇2R〉〉+ Ric ∗ T̂ ∗ Rm+ Ric ∗ ∇2T̂ ,
||∇Rm||2 ≤ −1
2
||Rm||2 + C||Rm||3 + C||Rm||3/2||∇2T ||+ C||Rm||||∇T ||2,
∂t||Rm||2 = ∇2Ric ∗ Rm+ Ric ∗ Rm ∗ Rm+ Rm ∗ Rm ∗ T̂
+ Ric ∗ ∇2||T ||2 + Rm ∗ ∇2T̂ + 4
3
||T ||2||Rm||2,




||T ||2dV, R = −||T ||2.
Choose an open domain Ω ofM and assume that
(3.36) ||Ric|| ≤ K
on Ω× [0, T], Then the torsion T satisfies ||T || . K1/2 and metrics gt are all equiv-
alent to g0. We also observe from (2.25) and (3.19) that
(3.37) ||Ric|| . 1⇐⇒ |∆ϕ| . 1
and the following simple fact
(3.38) ∂t||A||2 = p2 ||A||
p−2∂t||A||2
for any tensor A.
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We split the proof of Theorem 1.4 into four steps.
(a) In the first step, we can show that, see Lemma 3.3,
d
dt












is bounded from above by (see (3.47))





Observe that the above integral is nonnegative, since the scalar curvature
R is nonpositive along the Laplacian flow on closed G2-structures. Hence
we obtain from the first step that, see Lemma 3.4,
d
dt







(c) In the next two steps, we estimate the bad terms B1 and B2. In the third
step, B1 is estimated by (see (3.57))












Then the second step can be simplified as, see Lemma 3.5,
d
dt












(d) Finally, we estimate the term B2. In this step we shall use the assumption
that p ≥ 5. Using the inequality ||∇T || . ||Rm|| and ||∇2T || . ||∇Rm||+
||Rm||||T ||+ ||∇T |||T ||+ ||T ||3, we can prove (see (3.67))









Plugging it into the third step, we arrive at, see Lemma 3.6,
d
dt













If we choose a geodesic ball Ω := Bg0(x0, ρ/
√
K) and a cut-off function η so that
||∇φ|| ≤ √KecKT/ρ, then the above inequality gives a proof of Theorem 1.4.
We are going to carry out the above mentioned four steps. From (3.39) and the





























 ∇2Ric ∗ Rm+ Ric ∗ Rm ∗ Rm+ Rm ∗ Rm ∗ T̂ + Ric ∗ ∇2||T ||2










∇2Ric ∗ Rm+ K||Rm||2 + K||Rm||2 +∇2||T ||2 ∗ Ric




































∇2||T ||2 ∗ Ric
)
η2pdV.















||Rm||p−2 ∗ ∇T̂ ∗ ∇Rm
)
η2pdV
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+ c
∫ (













||Rm||p−2||∇Rm||||∇T̂ ||η2pdV + c
∫
||Rm||p−1||∇T̂ ||||∇η||η2p−1dV.











































































Hence, using (3.40), (3.41), and (3.42), we arrive at











In the following computations, we are mainly going to estimate or simplify the
bad terms B1, B2, and also the term involving −||T ||2. Integration by parts on







((∂t − ∆)R) ||Rm||p−1η2pdV
= c
∫

































































































































∇2Ric ∗ Rm+ Ric ∗ Rm ∗ Rm+ Rm ∗ Rm ∗ T̂









∇2Ric ∗ Rm− Ric ∗ ∇2R +∇2T̂ ∗ Rm
]
η2pdV + cK2 A2.
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Using the identity, where p ≥ 5,





























































B1 + cKB2 + cKA4.









B1 + cKB2 + cKA4.





















(−R)||Rm||p−3η2p(∇T̂ ∗ ∇Rm)dV + c
∫





















































||Rm||p−1η2pdV + cKA1 + cK2 A2
≤ 2
50



















































































































||∇T ||2||Rm||p−1η2pdV ≤ 8
50
B1 + cKB2






















From (3.43) and (3.47) we arrive at
LOCAL CURVATURE ESTIMATES FOR THE LAPLACIAN FLOW 25
Lemma 3.4. One has








We next estimate B1 and B2. Actually, we shall see that B1 can be estimated in
terms of B2. Hence the key step is to estimate B2. For B1, using
||∇Ric||2 = −1
2
































From the estimates ∇||Ric||2 . ||Ric||||∇Ric||, ∇||Rm||p−1 . ||Rm||p−2||∇Rm||,
and ∂t||Rm||p−1 = p−12 ||Rm||p−3∂t||Rm||2, we have∫



































































































































∇2Ric ∗ Rm−∇2R ∗ Ric
+ ∇2T̂ ∗ Rm
]
dV + cK2 A2.





























































KB1 + cK2B2 + cK2 A4.






























































































KB1 + cK2B2 + cK2 A4 + cK3 A2










||Rm||p−1η2p(N− ∂t)||Ric||2dV ≤ 650 B1 + cKB2 + cKA4 + cK




























In the following, we estimate the left four terms in (3.49). We start from terms

















































||∇R||2||Rm||p−1η2pdV + cKB2 + cKA4.
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||∇R||2||Rm||p−1η2pdV + cKA4 ≤ cKB2 + cKA4.








































||∇T ||2||Rm||p−1η2pdV + cKB2
+ c
∫
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≤ 9
50







Plugging (3.50) and (3.53) – (3.56) into (3.49), and using (3.46) and ||∇R||2 ≤
cK||∇T ||2, we obtain
B1 ≤ 650 B1 + cKB2 + cKA4 + cK

















































From (3.48) and (3.57), we can conclude that
Lemma 3.5. One has












Observe that two terms in the bracket are both nonnegative, since R = −||T ||2 ≤
0.
Finally, we estimate the term B2. Using the evolution inequality
||∇Rm||2 ≤ −1
2




















||∇2T ||||Rm||p−3/2η2pdV + c
∫
||∇2T ||2||Rm||p−2η2pdV.





























































































































To estimate the remainder two integrals, we recall from (3.9) that
(3.61) ∇T = Rm ∗ ϕ+ T ∗ T ∗ ϕ
and from (2.14) that
(3.62) ∇ϕ = T ∗ ψ.
From (3.61) we get
(3.63) ||∇T || ≤ c||Rm||+ c||T ||2 ≤ c||Rm||.
In particular, the inequality (3.63) yields
(3.64)
∫
||∇T ||2||Rm||p−2η2pdV ≤ c
∫
||Rm||pη2pdV ≤ cA1.
Taking the derivative of (3.61) and using (3.62) we obtain
(3.65) ∇2T = ∇Rm ∗ ϕ+ Rm ∗ T ∗ ψ+∇T ∗ T ∗ ϕ+ T ∗ T ∗ T ∗ ψ.




||∇2T ||||Rm||p−3/2η2pdV ≤ c
∫ [
















Plugging (3.60), (3.64), and (3.66) into (3.59) we arrive at








Together with (3.58) and (3.67) we finally obtain

























(3.69) ≤ cK(A1 + cKA2) + cKA4.
As in [24, 27], we choose the domain Ω := Bg0(x0, ρ/
√












Then, for all t ∈ [0, T],



















(3.71) U′ ≤ cKU + cKA4.














































































As an immediate consequence of the inequality (3.72) we give another proof of
the part (a) in Theorem 1.2.
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